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The mechanical behavior of an incompressible neo-Hookean material, directionally reinforced by neo-Hookean ﬁbers,
is examined under homogeneous deformations. A composite model for this transversely isotropic material is developed
based on a multiplicative decomposition of the deformation gradient which considers interaction between the ﬁber
and the matrix. The so-called standard reinforcing model exhibits non-monotonic behavior in compression. The present
composites-based approach leads to a modiﬁcation of the standard reinforcing model in which monotonic behavior in
compression is observed. This stems from the micromechanical basis of the model in which the ﬁber is treated as a
neo-Hookean material. The conditions for loss of monotonicity and positivity in the stress-shear behavior in oﬀ-axis simple
2D shear are also obtained.
 2007 Published by Elsevier Ltd.
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In recent years the macroscopic mechanical behaviors of several models for ﬁber-reinforced materials have
been analyzed in the context of anisotropic nonlinear elasticity (Qiu and Pence, 1997a,b; Merodio and Ogden,
2005a; Peng et al., 2006; Guo et al., 2006). For materials embedded with continuous ﬁbers, the anisotropy is
usually associated with the direction and properties of the ﬁber and the interaction between the ﬁber and the
matrix. For example, an isotropic material directionally reinforced with hexagonally or randomly distributed
continuous ﬁbers can be treated as initially transversely isotropic from the macroscopic point of view because
of the rotational symmetry in the plane transverse to the ﬁber direction (Christensen, 1979). In nonlinear ﬁnite
strain elasticity, the macroscopic mechanical behavior of the material is characterized by the elastic strain0020-7683/$ - see front matter  2007 Published by Elsevier Ltd.
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1950 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969energy density function, which is usually deﬁned by certain deformation invariants. Three invariants are suf-
ﬁcient to describe the strain energy for isotropic materials, but we need additional invariants to represent the
deformation of anisotropic materials. For transverse isotropy, two additional invariants are required (Spen-
cer, 1984). The strain energy function can also be used to study other mechanical issues such as ﬁber instabil-
ities and loss of ellipticity (Qiu and Pence, 1997a; Merodio and Pence, 2001a,b; Merodio and Ogden, 2003a,b,
2005b). Kinematical constraints such as incompressibility reduce the number of strain invariants required for
the strain energy function. For example, we need only four strain invariants to describe incompressible trans-
versely isotropic materials (Spencer, 1984).
Strain energy functions for ﬁber reinforced materials usually include at least two terms: one is the base strain
energy for the matrix, the other is associated with the stretching of the embedded ﬁbers (Qiu and Pence, 1997b;
Quapp and Weiss, 1998; Holzapfel et al., 2000). In these models, the interaction between the ﬁber and the
matrix is ignored. However, in linear elasticity, it is found that the embedded ﬁbers increase the shear stiﬀness
of the composite (Halpin and Finlayson, 1992). For real biomaterials, this ﬁber–matrix interaction is also
important and can not be neglected (Peng et al., 2006; Guo et al., 2006). Furthermore, the widely used standard
reinforcing model (Qiu and Pence, 1997b) does not reﬂect the inﬁnite energy physically required to perform
extreme compression on the ﬁbers, and thus leads to the loss of monotonicity of the stress–strain response dur-
ing compression in the ﬁber direction (Qiu and Pence, 1997b). Merodio and Ogden (2005a) analyzed another
reinforcing model which considers the inﬂuence of reinforced ﬁber on the shear response. This model also
exhibits a loss of monotonicity in the stress–strain behavior during compression in the ﬁber direction.
In this paper, the ﬁber itself is considered as a neo-Hookean material. In Section 2, a composites-based con-
stitutive model following Guo et al. (2006) is developed to describe the interaction between the ﬁber and the
matrix by decomposing the deformation gradient multiplicatively into two parts: a uniaxial deformation along
the ﬁber direction and remaining shear deformation. This composites-based model is applicable to an extend-
ed class of generalized neo-Hookean ﬁber response (Guo et al., 2006), which is also veriﬁed by ﬁnite element
simulation of the corresponding unit cell model (Guo et al., in preparation). The restriction of this class to
classical neo-Hookean ﬁber behavior leads to a constitutive response for this case, which is similar to that
explored by deBotton et al. (2006). In Section 3, the mechanical response of the composite model under simple
deformation in the ﬁber direction is discussed. When the ﬁber is modeled as a neo-Hookean material, no loss
of monotonicity in the stress–strain response is found during compression in the ﬁber direction. In Section 4,
simple shear response in 2D is studied, in which the ﬁber direction is either in or perpendicular to the shear
plane. Because of the stretch relaxation in the reinforcing direction due to ﬁnite rotation, non-monotonic
behavior is observed in the stress-shear response for simple shear at certain ﬁber orientations. When the rel-
ative eﬀective stiﬀness of the ﬁber b > 3
ﬃﬃﬃ
3
p
=2  2:598, the shearing stress may become negative in the shearing
direction for certain positive shear deformations at certain ﬁber orientations. In Section 5, the composite mod-
el is linearized and the parameters are related to the classical transversely isotropic moduli. A brief summary
and conclusion are provided in Section 6.2. The neo-Hookean ﬁber reinforced composite model
2.1. General format for the constitutive model
For isotropic materials, the strain energy function,W, is a scalar function of the right Cauchy–Green defor-
mation tensor C = FTF, where F = ox/oX is the deformation gradient tensor. Here we use X to represent the
position of a material particle in the original (undeformed) conﬁguration, while x is the position of the cor-
responding particle in the current (deformed) conﬁguration. The principal invariants of C, denoted as I1, I2
and I3, are deﬁned asI1 ¼ trC; I2 ¼ 1
2
½ðtrCÞ2  trC2; I3 ¼ detC ð1ÞThe strain energy function, W, can also be represented as a function of the three invariants of C,W ðCÞ ¼ W ðI1; I2; I3Þ ð2Þ
Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1951For general (initially) transversely isotropic models, a unit vector A is introduced to represent the axis of isot-
ropy. In particular, for an isotropic matrix with ﬁber reinforcement, A is the orientation of the ﬁber reinforce-
ment. For transversely isotropic materials, W is a function of the unit vector A, as well as the deformation
tensor C, i.e., W =W(C,A). Two additional invariants related to A need to be deﬁned in the invariants ap-
proach for transversely isotropic materials (Spencer, 1984), which are:I4 ¼ A  C  A ¼ k2F; I5 ¼ A  C2  A ð3Þ
where kF is the ﬁber stretch. The energy function W now can be represented asW ðC;AÞ ¼ W ðI1; I2; I3; I4; I5Þ ð4Þ
Qiu and Pence (1997b) discussed the mechanical behavior of the following ﬁber-reinforced model:W ¼ 1
2
l½ðI1  3Þ þ cðI4  1Þ2 ð5Þwhere l (>0) is the shear modulus of the neo-Hookean matrix, and c (>0) is a material constant which rep-
resents the relative shear stiﬀness of the ﬁber to the matrix. The quadratic term (I4  1)2/2 is called the ‘‘stan-
dard reinforcing model’’. Considering the physical meaning of I4, the ﬁber deﬁned by this term behaves like a
nonlinear spring.
Another similar incompressible modelW ¼ 1
2
l½ðI1  3Þ þ cðI5  1Þ2 ð6Þis studied in Merodio and Ogden (2005a). Although it is known that I5 is related to ﬁber–matrix interaction
(see for example, Peng et al., 2006), the physical meaning of (I5  1)2/2 is less clear. Consider uniaxial com-
pression along the ﬁber direction in the extreme I4! 0 and I5! 0. Physically the strain energy required to
compress the ﬁber should be inﬁnite. However, according to (5) and (6), the energies related to ﬁber compres-
sion, c(I4  1)2/2 and c(I5  1)2/2, are both ﬁnite and equal to c/2. Because of this, the curve of axial stress vs.
ﬁber stretch is non-monotonic for these two models. However, a neo-Hookean material alone does not exhibit
non-monotonic response in extreme compression and neither then should a ﬁber-reinforced neo-Hookean
material. One way to improve the ﬁber reinforced model is to treat the ﬁber also as a neo-Hookean material
under ﬁnite deformation. To discuss the mechanical behavior of a neo-Hookean ﬁber reinforced composite,
we need ﬁrst to develop an appropriate constitutive model for the composite.2.2. Multiplicative decomposition of deformation gradient
It is shown in Guo et al. (2006) that the use of a speciﬁc multiplicative decomposition of the deformation
gradient is an eﬀective approach to constructing the strain energy function for transversely isotropic hyperelas-
tic materials. According to this decomposition, any isochoric deformation can be decomposed into two parts:
the ﬁrst part is comprised of uniaxial deformation along the ﬁber direction, the second part is comprised of all
remaining shear deformation. This approach, motivated by the work of Criscione et al. (2001), is presented in
detail in Guo et al. (2006) and only a brief description is given here.
For any isochoric deformation gradient tensor F, det(F) = 1. Let the original ﬁber direction A be aligned
with the x1-axis of a rectangular Cartesian coordinate system (A = e1 = [1 0 0]
T). We may choose an arbi-
trary orthogonal direction as the 2nd axis e2 (where e1 Æ e2 = 0), then the 3rd axis e3 is given by e3 = e1 · e2.
After the deformation F, we can rotate the deformed ﬁber direction FA back to the original ﬁber direction
A = e1 and denote the corresponding rotation tensor as R1. Then, using e1 as the rotation axis, R1Fe2 can
be rotated back to the e1–e2 plane. Denote this rotation as R2, the new deformation gradient tensor now is
F* = R2R1F. Because only rigid body rotations are involved, we have (F*)
TF* = FTF = C, which means that
F* can be used as the starting point for a multiplicative decomposition of the deformation gradient. From
the deﬁnition of F*, it is easy to verify thatF 21 ¼ F 31 ¼ F 32 ¼ 0 and F 11 ¼ jFAj ¼ kF ð7Þ
1952 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969Hence, in the e1, e2, e3 coordinate system, F* can be written asF ¼
kF F 12 F

13
0 F 22 F

23
0 0 F 33
2
64
3
75 ð8ÞBy choosing a suitable e2 axis, we can make F

22 ¼ k1=2F (for details, see Guo et al., 2006). F* can then be mul-
tiplicatively decomposed into a uniaxial deformation, Ff , in the ﬁber direction, and a subsequent shear defor-
mation, Fs (Fig. 1), i.e.F ¼ FsFf ð9Þ
The uniaxial deformation along the ﬁber direction can be represented as Ff ¼ diag kF k1=2F k1=2F
 
. The
remaining part of the deformation is then given by:Fs ¼ FðFf Þ1 ¼
1 F 12k
1=2
F F

13k
1=2
F
0 1 F 23k
1=2
F
0 0 1
2
64
3
75 ð10Þwhich can be interpreted as shear deformation only. Here we name F 12, F

13 as ‘‘along ﬁber’’ shears, and F

23 as
‘‘transverse’’ shear. These shear deformations can be related to the invariants of C byðF 12Þ2 þ ðF 13Þ2 ¼
I5  I24
I4
; ðF 23Þ2 ¼ I1 
I5 þ 2
ﬃﬃﬃﬃ
I4
p
I4
ð11Þ2.3. Strain energy function
Let the shear moduli of the neo-Hookean matrix and ﬁber be lm and lf, respectively. The stiﬀness ratio is
deﬁned as v = lf/lm. Although in most practical cases, the ﬁber is stiﬀer than the matrix, here we consider the
more general situation vP 0 (v < 0 is not physical). This includes the special case that the ﬁber is actually
void, which means lf = 0 and v = 0. Denote the volume ratio of the ﬁbers and the matrix as vf and vm, respec-
tively (vf + vm = 1). Now the strain energy function W can be constructed based on the multiplicative decom-
position of the deformation gradient.
During the uniaxial deformation along the ﬁber direction, Ff , the deformation in the whole composite is
uniform. Hence the strain energy stored in the whole composite isW f ¼ W Mf þ W Ff ¼
1
2
vmlm½I1ðFf Þ  3 þ
1
2
vflf ½I1ðFf Þ  3 ¼
1
2
ðlmvm þ lfvfÞ½I1ðFf Þ  3 ð12Þwhere I1ðFf Þ ¼ k2F þ 2=kF ¼ I4 þ 2I1=24 , the ﬁrst invariant of the tensor Cf ¼ FTf Ff .Intermediate
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Fig. 1. Multiplicative decomposition of the deformation gradient.
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a linear elastic material. In this case, the strain energy related to the shear deformation can be estimated by the
so-called ‘‘eﬀective stiﬀness’’ of the composite. The eﬀective stiﬀness of linear elastic composites have been
explored extensively and various formulations are given for the eﬀective moduli of the composite. Among
them, the semi-analytical Halpin–Tsai equations ﬁt experiments well (Halpin and Finlayson, 1992). In partic-
ular, an expression for the eﬀective shear modulus of a ﬁber-reinforced composite is given bylc
lm
¼ 1þ fgvf
1 gvf ð13Þwhere lc is the eﬀective (‘‘in plane’’ or ‘‘transverse’’) shear modulus of the composite, f is a reinforcement
parameter which depends on the boundary conditions, and g given by the following expression:g ¼ lf=lm  1
lf=lm þ f
¼ v 1
vþ f ð14ÞFor the ‘‘in-plane’’ shear modulus, f = 1; while for the ‘‘transverse’’ shear modulus, f = 0.4 if the matrix is
incompressible (Halpin and Finlayson, 1992).
It is observed that f = 1 can be used for both shear deformations in practice, which simpliﬁes the model
dramatically (deBotton et al., 2006; Guo et al., 2006). Since vf is a constant, we can deﬁne the function g[v] asg½v ¼ lc
lm
¼ 1þ
v1
vþ1 vf
1 v1vþ1 vf
¼ ð1þ vfÞvþ ð1 vfÞð1 vfÞvþ ð1þ vfÞ ð15Þwhere f = 1 is applied to (13) and (14). Now the response of the material to the deformation Fs can be
regarded as that of a generalized neo-Hookean material with an eﬀective shear modulus given by lc = lmg(v),
which is called an ‘‘eﬀective shear parameter’’ for neo-Hookean response of the composite under Fs . The
quantity of the shear deformation can be computed from (11)ðF 12Þ2 þ ðF 13Þ2 þ ðF 23Þ2 ¼
I5  I24
I4
þ I1  I5 þ 2
ﬃﬃﬃﬃ
I4
p
I4
¼ I1  I1ðFf Þ ð16ÞAn expression for the strain energy stored in the shear deformation Fs for the whole composite is therefore
given byW s ¼ 1
2
gðvÞlm½ðF 12Þ2 þ ðF 13Þ2 þ ðF 23Þ2 ¼
1
2
gðvÞlm½I1  I1ðFf Þ ð17ÞNow the strain energy function for this composite model is the sum of the strain energies for the two steps,
i.e.,W ¼ W f þ W s ¼ 1
2
ðlmvm þ lfvfÞ½I1ðFf Þ  3 þ
1
2
gðvÞlm½I1  I1ðFf Þ
¼ 1
2
a½ðI1  3Þ þ bðI4 þ 2I1=24  3Þ ð18Þwherea ¼ lc ¼ gðvÞlm ¼
ð1þ vfÞvþ ð1 vfÞ
ð1 vfÞvþ ð1þ vfÞ lm
b ¼ ðlmvm þ lfvfÞ  gðvÞlm
gðvÞlm
¼ ðv 1Þ
2vfvm
ð1þ vfÞvþ ð1 vfÞ
ð19ÞNote that this strain energy function is veriﬁed numerically by deBotton et al. (2006) and Guo et al. (in prep-
aration). It is interesting that bP 0 even if v < 1, which means the composite will still be stronger in the ﬁber
direction even if the ﬁber is more compliant than the matrix. Let eF ¼ kF  1 ¼
ﬃﬃﬃﬃ
I4
p  1. When the ﬁber stretch
is small, we have
1954 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969I4 þ 2I1=24  3 ¼ ð1þ eFÞ2 þ
2
ð1þ eFÞ  3 ¼ 3e
2
F þ oðeFÞ 
3
4
ðI4  1Þ2 ð20ÞOne may compare (18) with (5). When the ﬁber stretch is small, we havea ¼ l; b  4
3
c ð21ÞIt must be noted that the physical meanings of a and l are diﬀerent: l is the shear modulus of the neo-
Hookean matrix, while a is an ‘‘eﬀective shear parameter’’, representing the shear stiﬀness of the composite
in the directions transverse to the ﬁber direction. When ﬁber is much stiﬀer than the matrix (v 1), we have
a  lm(1 + vf)/(1  vf), which implies that the eﬀect of the reinforced ﬁber is considered in a. The parameter b
is not simply the relative stiﬀness of the ﬁber to the matrix, the composite eﬀect is also included. For example,
as mentioned above, even when the ﬁber is more compliant than the matrix, we will still have b > 0. Here we
refer to b as the relative eﬀective stiﬀness of the ﬁber.
We may also distinguish between the ‘‘in plane’’ shear modulus and ‘‘transverse’’ shear modulus (Guo
et al., in preparation) and a more complex strain energy function can be constructed based on (11):W ¼ 1
2
ðvmlm þ vflfÞ½I1ðFf Þ  3 þ lmgðvÞ
I5  I24
I4
 
þ lmg2ðvÞ I1 
I5 þ 2
ﬃﬃﬃﬃ
I4
p
I4
  
ð22Þwhere g2(v) can be obtained by using f = 0.4 in (13) and (14). In this paper, only the simpler energy function
(18) is discussed. With the hyperelastic strain energy function deﬁned as (18), the Cauchy stress tensor T isT ¼ pIþ 2F oW
oC
FT ¼ pIþ 2 oW
oI1
Bþ I4 oWoI4 a a
	 

¼ pIþ aBþ abðI4  I1=24 Þa a ð23Þwhere I is the 2nd order unit tensor, B is the left Cauchy–Green tensor B = FFT, a is the unit vector in the
direction of FA, a = FA/jFAj, and p is the arbitrary hydrostatic stress. For an incompressible material, we
requiredetF ¼ 1 ð24Þ
If the hyperelastic strain energy function (5) is used, the Cauchy stress tensor T isT ¼ pIþ lBþ lcI4ðI4  1Þa a ð25Þ
Compare to (23), we know that when I4! 0 (extreme compression), some of the Cauchy stress components
derived from (23) go to inﬁnity, while those derived from (25) are all ﬁnite.
3. Simple deformations in the ﬁber direction
In this section, the mechanical behavior of the composite is investigated under simple deformations which
are aligned with or normal to the ﬁber orientation. Set the ﬁber orientation A = i1, the deformation gradient
tensor F readsF ¼ k1i1  i1 þ k2i2  i2 þ k3i3  i3 ð26Þ
where ki > 0, i = 1,2,3, are the principal stretches. The incompressibility condition (24) implies thatk1k2k3 ¼ 1 ð27Þ
The corresponding Cauchy stress tensor T can be computed from (23) as follows:T ¼ T 11i1  i1 þ T 22i2  i2 þ T 33i3  i3 ð28Þ
whereT 11 ¼ a½k21 þ bðk21  k11 Þ  p
T 22 ¼ ak22  p
T 33 ¼ ak23  p
ð29Þ
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The boundary conditions for uniaxial load in the ﬁber direction are T22 = T33 = 0. Apply these to (29) and
using the incompressibility condition (27), we obtainFig. 2.
compo
a, b ank2 ¼ k3 ¼ k1=21 ð30Þ
andT 11 ¼ að1þ bÞ½k21  k11  ð31Þ
Based on the multiplicative decomposition (9), we know that Fs ¼ I, or F 12 ¼ F 13 ¼ F 23 ¼ 0, which means
there is no shear deformation in the second step. From (26) and (30) , the strain energy function (18) can be
expressed as a function of k1, which is denoted as W^ ðk1Þ here, i.e.,W ¼ W^ ðk1Þ ¼ 1
2
að1þ bÞðk21 þ 2k11  3Þ ð32ÞOne may easily verify thatT 11 ¼ k1 dW^ ðk1Þ
dk1
ð33ÞFor the standard reinforcing model with the strain energy function (5), the corresponding normal Cauchy
stress readsT 11 ¼ l½k21  k11 þ 2ck21ðk21  1Þ ð34Þ
For illustration, the uniaxial responses (31) and (34) are compared in Fig. 2 for c = 0, 1, 10, 100, where the
relations between a, b and l, c are deﬁned by (21). T11 becomes non-monotonic when c > 4.961 for the stan-
dard reinforcing model (Qiu and Pence, 1997b). This problem is overcome in our present composites based
model. The monotonic response is guaranteed for any bP 0 because we havedT 11
dk1
¼ að1þ bÞ½2k1 þ k21  > 0 ð35Þ-60
-40
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Normal stress T11 vs. stretch in the ﬁber direction k1 for the case of uniaxial loading in the ﬁber direction. Solid lines are for
sites-based model, while dotted lines are for standard reinforcing model. The stiﬀness ratio c = 0, 1, 10, 100. The relations between
d l, c are deﬁned by (21).
1956 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969For extreme compression (k1! 0), we have T 11 	 að1þ bÞk11 ! 1, which means that the contribution
of the neo-Hookean ﬁber is accounted for, whereas for the standard reinforcing model, the ﬁber contribution
part is negligible in this case. In the case of excessive extension (k1!1), T 11 	 að1þ bÞk21 !1, which
includes the stress required for the deformation of both the neo-Hookean matrix and the neo-Hookean ﬁber.
For the standard reinforcing model, however, T 11 	 2lck41 !1, which means that the stiﬀness of the ﬁber
dominates.
3.2. Uniaxial load transverse to the ﬁber direction
Assume the loading direction is i2 and take k2 as the independent stretch, the corresponding boundary
condition is T11 = T33 = 0. Using this boundary condition in (29) together with the incompressibility
condition (27), we havek21 þ bðk21  k11 Þ ¼ k23 ¼
1
k21k
2
2
ð36ÞThus, the relation between k1 and k2 isk22 ¼ ðbþ 1Þk41  bk1 ð37Þ
The deformation we consider here can be decomposed into uniaxial deformation in the ﬁber direction
followed by transverse shear only, that is, F 12 ¼ F 13 ¼ 0 in (10). The non-zero Cauchy stress now readsT 22 ¼ aðk22  k23Þ ¼ a
1
ðbþ 1Þk41  bk1
 ðbþ 1Þk21  bk11
" #
ð38ÞIn the asymptotic case k2! 0, it follows from (37) that k1!1 and the dominant term on the right hand side
of (37) is the ﬁrst term. Hence we havek1 	 ðbþ 1Þ1=4k1=22 !1; k3 ¼
1
k1k2
	 ðbþ 1Þ1=4k1=22 !1
T 22 ¼ aðk22  k23Þ 	 aðbþ 1Þ1=2k12 ! 1
ð39ÞThis is diﬀerent from the standard reinforcing model, in which k1 	 ð2cÞ1=6k1=32 , k3 	 ð2cÞ1=6k2=32 and
T 22 	 ð2cÞ1=3k4=32 (Qiu and Pence, 1997b). In (39), the contributions of both the ﬁber and the matrix are
included. When b = 0, they reduce to normal neo-Hookean material behavior. For the standard reinforcing
model, the ﬁber related term is dominant and the matrix contribution is ignored, so the formula does not im-
ply neo-Hookean matrix behavior if c! 0.
For another asymptotic branch k2!1, it follows from (37) that ðbþ 1Þk41  bk1 ! 0, which means k1! 0
or k1! [b/(b + 1)]1/3. But the relation between k1 and k2 is continuous and at the undeformed state, k2 = 1
and k1 = 1, we know that k1 will be always larger than [b/(b + 1)]
1/3. Thus we havek1 ! ½b=ðbþ 1Þ1=3; k3  ½b=ðbþ 1Þ1=3k12 ! 0 when k2 !1 ð40Þ
The corresponding stress isT 22 ¼ aðk22  k23Þ 	 ak22 !1 ð41Þ
For the standard reinforcing model, however, the asymptotic behavior from k2!1 depends on the value of c
(Qiu and Pence, 1997b).
Apply k1 > [b/(b + 1)]
1/3 to (37), one knows that the map between k1 and k2 is one-to-one. Since k2 is the
independent stretch, we may write (37) as k1 ¼ ~k1ðk2Þ, that is, k1 is a function of k2, though this function is
diﬃcult to express explicitly. The curves of ﬁber stretch k1 vs. the transverse stretch k2, as well as the relation
between k3 and k2, are plotted in Fig. 3 for b = 0, 1, 10, 100. The normal stress T22 is plotted in Fig. 4.
Although it is complex to get an explicit expression for k3 and T22 in terms on k2, implicit functions using
k1 as parameter can be easily obtained based on (37), (38) and the incompressibility constraint (27).
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Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1957Monotonicity of T22 is observed in Fig. 4. It can also be proved mathematically. From (38), one knows thatdT 22
dk1
¼ a 4ðbþ 1Þk
3
1 þ b
½ðbþ 1Þk41  bk12
 ½2ðbþ 1Þk31  bk21
( )
< 0 ð42Þwhere the conditions k1 > [b/(b + 1)]
1/3 and b > 0 are used. From (38) we also havedk2
dk1
¼  1
2
½4ðbþ 1Þk31  b½ðbþ 1Þk41  bk13=2 < 0 ð43Þ
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Fig. 4. Normal stress T22 vs. stretch ratio k2 in the loading direction for the case of uniaxial loading in transverse direction (i2). The relative
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1958 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969So we know thatdT 22
dk2
¼ dT 22=dk1
dk2=dk1
> 0 ð44Þwhich implies the monotonicity of T22.
The strain energy function (18) can also be written as a function of k2W ¼ W^ ðk2Þ ¼ 1
2
a k22 þ ~k21ðk2Þ þ
1
k22~k
2
1ðk2Þ
 3
 !
þ bð~k21ðk2Þ þ 2~k11 ðk2Þ  3Þ
" #
ð45Þwhich is quite complex. If we use k1 as a parameter, it can be simpliﬁed asW ¼ ~W ðk1Þ ¼ 1
2
a
1
ðbþ 1Þk41  bk1
þ ðbþ 2Þk21  bk11  3
 !
þ bðk21 þ 2k11  3Þ
" #
ð46ÞNow it can be veriﬁed thatT 22 ¼ k2 d
~W ðk1Þ
dk1
dk1
dk2
¼ k2 dW^ ðk2Þ
dk2
ð47Þ3.3. Biaxial loading
There are several biaxial loading methods in practice. The simplest one is equibiaxial load. Because the
material is incompressible, adding any hydrostatic pressure will not change its response. Assume the stress
in two directions is P, one may apply a hydrostatic stress P and now it becomes uniaxial loading situation,
which has been discussed above.
Another biaxial deformation is to keep one of the principal stretches constant, while loading on another
principal direction. The constant principal stretch direction can be either along the ﬁber direction or transverse
to the ﬁber direction. When the stretch along the ﬁber direction k1 is constant, assume the loading direction is
Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1959i2. From the incompressibility condition, we have k3 ¼ k11 k12 , and the boundary condition is T33 = 0. From
(29), the non-zero stress components areT 11 ¼ a½k21 þ bðk21  k11 Þ  k21 k22 
T 22 ¼ a½k22  k21 k22 
ð48ÞThe strain energy function (18), can be represented as a function of k2 (k1 is a constant)W ¼ W^ ðk2Þ ¼ 1
2
a½k21 þ k22 þ k21 k22  3þ bðk21 þ 2k11  3Þ ð49Þand it is easily veriﬁed thatT 22 ¼ k2 dW^ ðk2Þ
dk2
ð50ÞThe normal stress T22 given by (48) is plotted against k2 for k1 = 0.5, 0.8, 1, 1.2, 2 in Fig. 5, as well as the
corresponding stress T11 (b = 10 here). The monotonic response of T22 as well as T11 are observed. These
can be proved bydT 22
dk2
¼ 2a½k2 þ k21 k32  > 0;
dT 11
dk2
¼ 2ak21 k32 > 0 ð51Þfor any k1 > 0, bP 0. The asymptotic behaviors of T22 and T11 are straightforward and the analysis is omitted
here. From the speciﬁc deformation decomposition point of view, for the biaxial deformation we discussed
above, there is only transverse shear deformation in the second step.
When the constant principal stretch direction is transverse to the ﬁber direction, say i2, that is, k2 is con-
stant, assuming the loading is along the ﬁber direction, from incompressibility we still have k3 ¼ k11 k12 .
The corresponding boundary condition reads T33 = 0. The stress components are obtained from (29)T 11 ¼ a½k21 þ bðk21  k11 Þ  k21 k22 
T 22 ¼ a½k22  k21 k22 
ð52Þwhich are the same as (48), but now the constraint stretch is k2 rather than k1. The strain energy function (18)
can now be written as a function of k1 (k2 is a constant)W ¼ W^ ðk1Þ ¼ 1
2
a½k21 þ k22 þ k21 k22  3þ bðk21 þ 2k11  3Þ ð53Þand it can be easily veriﬁed thatT 11 ¼ k1 dW^ ðk1Þ
dk1
ð54ÞFig. 6 shows the stress T11 given by (52), as a function of k1 for k2 = 0.5, 0.8, 1, 1.2, 2 (b = 10), as well as the
corresponding stress T22. We ﬁnd that the stress components T11 and T22 are monotonically increased with
increasing k1, which are also veriﬁed mathematically as follows:dT 11
dk1
¼ a½2k1 þ bð2k1 þ k21 Þ þ 2k31 k22  > 0;
dT 22
dk1
¼ 2ak31 k22 > 0 ð55Þfor any k2 > 0, bP 0. The simple asymptotic behaviors of T22 and T11 are not presented. For this kind of biax-
ial deformation, we only have transverse shear deformation in the second step by the speciﬁc deformation
decomposition.
Similar to equibiaxial load, we may consider equibiaxial deformation. If the equibiaxial deformation is
applied to two directions transverse to the ﬁber direction, that is, i2 and i3 direction, one has k2 ¼ k3 ¼
k1=21 because of the material incompressibility. This kind of deformation is exactly the same as uniaxial
deformation along the ﬁber. So we only need discuss the case that the equibiaxial deformation is applied to
the ﬁber direction i1 and one direction transverse to the ﬁber direction, say, i2. Based on the incompressibility
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1960 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969constraint, we know k ¼ k1 ¼ k2 ¼ k1=23 . The stress boundary condition is T33 = 0. Apply it to (29), one
obtains the non-zero stress components asT 11 ¼ a½k2 þ bðk2  k1Þ  k4
T 22 ¼ a½k2  k4
ð56ÞIt is easy to represent the strain energy function (18) as a function of kW ¼ W^ ðkÞ ¼ 1
2
a½2k2 þ k4  3þ bðk2 þ 2k1  3Þ ð57Þ
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Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1961and it follows thatT 11 þ T 22 ¼ k dW^ ðkÞ
dk
ð58ÞThe stress T11 and T22 are plotted against k in Fig. 7 for b = 0 (neo-Hookean only), 1, 10, 100. It should be
noted that the stress T22 is independent of b. The monotonicity of T11 and T22 observed from the ﬁgures can be
easily proved by the following inequalities:dT 11
dk
¼ a½2kþ bð2kþ k2Þ þ 4k5 > 0; dT 22
dk
¼ a½2kþ 4k5 > 0; ð59Þ
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1962 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969for any bP 0. The asymptotic behaviors of T22 and T11 are simple and not discussed in detail here. Similarly
the equibiaxial deformation we consider here can be decomposed into uniaxial deformation in the ﬁber direc-
tion followed by transverse shear only.
4. Shear deformations
The deformation gradient tensor associated with a shear deformation can be presented as F = I + ke1  e2,
where k is the amount of the shear deformation, the vector e1 is the shear direction, while the vector e2, which is
perpendicular to e1, deﬁnes the shear plane along with e1. In this section, we ﬁrst analyze simple shear in prin-
cipal directions (directions along and perpendicular to ﬁber direction), then discuss general simple 2D shear.
Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 19634.1. Simple shear in principal directions
If the vectors e1 and e2 are either coincident or perpendicular to the ﬁber direction A = i1, we say the shear
deformation is in principal direction. There are three cases: (i) simple shear in the ﬁber direction (e1 = i1); (ii)
‘‘in plane’’ simple shear transverse to the ﬁber direction (e2 = i1); and (iii) simple shear in the transverse plane
(both e1 and e2 are perpendicular to the ﬁber direction).
For simple shear in the ﬁber direction, the deformation gradient F and the right Cauchy–Green deforma-
tion tensor C can be written asF ¼
1 k 0
0 1 0
0 0 1
2
64
3
75; C ¼
1 k 0
k 1þ k2 0
0 0 1
2
64
3
75 ð60ÞTo compute the stress, the plane stress condition T33 = 0 is assumed. From (60) and (25), the Cauchy stress
tensor can be obtained asT ¼ a
k2 k 0
k 0 0
0 0 0
2
64
3
75 ð61Þwhich is the same as the response of the neo-Hookean composite eﬀective matrix because there is no ﬁber
stretching involved. The Poynting relation between the plane stress components of the isotropic theory, i.e.
T11  T22 = kT12, holds for this case. The strain energy function (18) can now be written as a function of
k: W ¼ W^ ðkÞ ¼ 1
2
ak2, and from (61), we have T 12 ¼ dW^ ðkÞ=dk. In this type of simple shear, only ‘‘in-plane’’
shear deformation is included in the second step by the speciﬁc deformation decomposition, while for the ﬁrst
step, there is no ﬁber stretching as we discussed above.
For ‘‘in plane’’ simple shear transverse to the ﬁber direction (e2 = i1), we may use e1 as the second axis, i.e.,
i2 = e1, and the deformation gradient F and the right Cauchy–Green deformation tensor C are given byF ¼
1 0 0
k 1 0
0 0 1
2
64
3
75; C ¼ 1þ k
2 k 0
k 1 0
0 0 1
2
64
3
75 ð62Þfrom which it follows that I4 = 1 + k
2. The plane stress condition T33 = 0 is still assumed to compute the
stress. From (60) and (25), the Cauchy stress tensor is written asT ¼ a
0 k 0
k k2 0
0 0 0
2
64
3
75þ ab 1 ð1þ k2Þ32h i
1 k 0
k k2 0
0 0 0
2
64
3
75 ð63Þand we note that T12 is an odd function of k, while T11 and T22 are even functions of k. It is also easy to verify
that they are all monotonically increasing functions of k. The Poynting relation does not hold for this kind of
simple shear except in the trivial cases b = 0 or k = 0. We can now represent the strain energy function (18) as
a function of k:W ¼ W^ ðkÞ ¼ 1
2
a k2 þ b k2 þ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ k2
p  2
 !" #
ð64ÞThen it can be veriﬁed easily thatT 12 ¼ dW^ ðkÞ=dk ð65Þ
If the deformation is decomposed, one may ﬁnd that there are both ‘‘in-plane’’ shear and ‘‘transverse’’ shear,
as well as ﬁber stretch.
For simple shear in the transverse plane, because both e1 and e2 are perpendicular to the ﬁber direction, we
have either e1 · e2 = A or e1 · e2 = A, where A is the ﬁber direction. Since it is mathematically identical if we
1964 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969use A as the ﬁber direction, we can assume that e1 · e2 = i1. Thus one may choose e1 as the second axis, i.e.,
i2 = e1. The third axis i3 can then be computed as i3 = i1 · i2 = e3. The deformation gradient F and the right
Cauchy–Green deformation tensor C are given byF ¼
1 0 0
0 1 k
0 0 1
2
64
3
75; C ¼
1 0 0
0 1 k
0 k 1þ k2
2
64
3
75 ð66ÞThe plane stress condition T11 = 0 is assumed to compute the Cauchy stress tensor from (66) and (25)T ¼ a
0 0 0
0 k2 k
0 k 0
2
64
3
75 ð67ÞSimilar to (61), it is the same as response of the neo-Hookean composite eﬀective matrix because there is no
ﬁber stretching involved. The Poynting relation holds for this case. The strain energy function (18) can be
written as a function of k: W ¼ W^ ðkÞ ¼ 1
2
ak2, and from (67), we obtain T 23 ¼ dW^ ðkÞ=dk. For this type of
simple shear, we only have ‘‘transverse’’ shear deformation included in the second step by the speciﬁc defor-
mation decomposition, and there is no ﬁber stretching deformation in the ﬁrst step.
4.2. General simple 2D shear
If the vectors e1, e2 and the ﬁber direction A are in a single plane, the simple shear is 2D shear for the trans-
versely isotropic material. One may choose the ﬁrst axial i1 = A or i1 = A such that the angle u between e1
and i1 satisﬁes 0 6 u 6 p/2. The second axial i2 is chosen to be in the same plane such that e1 = i1cosu +
i2sinu. Now e2 can be identiﬁed as e2 = ±(i1sinu + i2cosu). One may choose the positive sign and permit
the shear value k to be either positive or negative. The deformation gradient F and the right Cauchy–Green
deformation tensor C can be represented as (in the i1, i2, i3 coordinate system)F ¼
1 k cosu sinu k cos2 u 0
k sin2 u 1þ k cosu sinu 0
0 0 1
2
64
3
75
C ¼
1 k sin 2uþ k2 sin2 u k cos 2u k2 sin 2u=2 0
k cos 2u k2 sin 2u=2 1þ k sin 2uþ k2 cos2 u 0
0 0 1
2
64
3
75
ð68ÞThus we haveI4 ¼ 1 2k cosu sinuþ k2 sin2 u ð69Þ
The property of I4 as a function of k and u is well discussed in (Qiu and Pence, 1997b) for k > 0. When k < 0, it
is obvious that I4 will increase if the absolute value of k increases. It should be pointed out that (68) reduces to
(60) if u = 0 and it reduces to (62) if u = p/2 and k is replaced by k. The plane stress condition T33 = 0 is still
assumed to compute the stress. From (68) and (25), the Cauchy stress tensor can be written asT ¼ ak
 sin 2uþ k cos2 u cos 2uþ 1
2
k sin 2u 0
cos 2uþ 1
2
k sin 2u sin 2uþ k sin2 u 0
0 0 0
2
64
3
75þ ab 1 ð1 k sin 2uþ k2 sin2 uÞ32h i


1 1
2
k sin 2u
 2 k sin2 u 1 1
2
k sin 2u
 
0
k sin2 u 1 1
2
k sin 2u
 
k2 sin4 u 0
0 0 0
2
64
3
75 ð70Þ
Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1965The behaviors of the components T11, T22 and T12 are shown in Figs. 8–10 for u = 0, p/8, p/4, 3p/8, p/2 and
b = 10. Hence the shear stress component T e1e2 on surfaces parallel and perpendicular to the shearing direction
e1 is given byFig. 8.
ﬁber d
Fig. 9.
ﬁber dT e1e2 ¼ ak 
1
2
abðsin 2u 2k sin2 uÞ 1 ð1 k sin 2uþ k2 sin2 uÞ32
h i
ð71Þ-10
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1966 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969The strain energy function (18) can be represented as a function of kFig. 11
ﬁber dW ¼ W^ ðkÞ ¼ 1
2
a k2 þ b ð1 k sin 2uþ k2 sin2 uÞ þ 2ð1 k sin 2uþ k2 sin2 uÞ12  3
h in o
ð72Þand from (71) and (72) we haveT e1e2 ¼ dW^ ðkÞ=dk ð73Þ
Fig. 11 shows the response of T e1e2 for u = 0, p/8, p/4, 3p/8, p/2 and b = 10, in which non-monotonic behavior
is observed for u = p/8, p/4, 3p/8. Qiu and Pence (1997b) found similar behavior for the standard reinforcing-10
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. Shear stress T e1e2 vs. shear deformation k for the case of general simple 2D shear. The angle between the shear direction e1 and
irection (i1) u = 0, p/8, p/4, 3p/8, p/2. The relative eﬀective stiﬀness ratio b = 10.
Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969 1967model if c > 2. The stress component T e1e2 reduces to T12 in (61) if u = 0 and it reduces to T12 in (63) if
u = p/2. In these two special cases, the monotonic response of T e1e2 is obvious. Hence we only need consider
the situation of 0 < u < p. Based on (71), the monotonicity of the composite model is related to the following
derivative:dT e1e2
dk
¼ a 1þ 1
4
b½4 sin2 uð1 I3=24 Þ þ 3ðsin 2u 2k sin2 uÞ2I5=24 
 
ð74Þwhere I4 is deﬁned as in (69). When k < 0 or k > 2cotu, the ﬁber is under stretch (I4 > 1), and it is easy to verify
that dT e1e2=dk > 0. Then the only possible range for non-monotonicity to occur is 0 < k < 2cotu. For a given
angle u, it is not diﬃcult to ﬁnd that the minimum values of I4 and dT e1e2=dk are reached at k = cotudT e1e2
dk
¼ a 1 b 1
sinu
 sin2 u
 	 

when k ¼ cotu ð75ÞFor any b > 0, we have dT e1e2=dk ! 1 when u! 0, which means that for any the b > 0 the non-monotonic
behavior of T e1e2 will be observed for small enough angle u. Besides the non-monotonicity, one may ﬁnd that
the value of T e1e2 becomes negative when k > 0 for u = p/4, 3p/8 in Fig. 11. For the standard reinforcing
model, negative T e1e2 is observed for certain ﬁber orientations if c > 8 (Qiu and Pence, 1997b). Based on
(74) and (75), if dT e1e2=dk > 0 at its minimum point k = cotu, the response of T e1e2 is monotonically increasing
and T e1e2 is always positive when k > 0. Hence we only need investigate the situation that dT e1e2=dk < 0 at
k = cotu. In this situation, because dT e1e2=dk > 0 at k = 2cotu, the minimum value of T e1e2 is reached in
the range of cotu < k < 2cotu. Assume k = cotu + d at the minimum point of T e1e2 (0 < d < cotu) and apply
it to (74), one obtainsdT e1e2
dk
¼ a 1þ b sin2 uþ b
sinu
ð2d2  1Þð1þ d2Þ5=2
	 

¼ 0 ð76Þfrom which we observe that 2d2  1 < 0, which means 0 < d < min cotu; ﬃﬃﬃ2p =2 . When u! 0, based on (76),
it is easy to ﬁnd that d! ﬃﬃﬃ2p =2. Apply k = cotu + d to (71), using (76), we haveT e1e2 ¼
a
sinu
½cosu 3bd3ð1þ d2Þ5=2 ð77ÞBecause d <
ﬃﬃﬃ
2
p
=2, the maximum value of d3 (1 + d2)5/2 is 2
ﬃﬃﬃ
3
p
=27. Hence we know that T e1e2 can be negative
for certain ﬁber orientation if b > 3
ﬃﬃﬃ
3
p
=2ð 2:598Þ.
5. Connection with the inﬁnitesimal theory
Under inﬁnitesimal deformations, the present composite model, based on a multiplicative decomposition of
the deformation gradient, is compatible with the standard reinforcing model. For transversely isotropic linear
elastic solids, there are ﬁve independent elastic constants, the Young’s moduli E1 and E2, the Poisson’s ratios
m12 and m23 and the shear modulus G12. The Young’s modulus E1 can be determined by uniaxial load in the
ﬁber direction. Based on (31), we haveE1 ¼ dT 11
dk1

k1¼1
¼ 3að1þ bÞ ð78ÞThe corresponding Poisson’s ratio m12 can be derived from k2 ¼ k3 ¼ k1=21 :m12 ¼ dk2
dk1

k1¼1
¼ m13 ¼ 1
2
ð79ÞSimilarly, the corresponding constants E2, m12 and m23 can be computed from uniaxial load transverse to the
ﬁber direction. From (37), it is easy to ﬁnd thatm21 ¼  dk1
dk2

k2¼1
¼ 2
3bþ 4 ð80Þ
1968 Z.Y. Guo et al. / International Journal of Solids and Structures 44 (2007) 1949–1969Apply it to (36), m23 can then be derived asm23 ¼  dk3
dk2

k2¼1
¼ 3bþ 2
3bþ 4 ð81ÞUsing (80), (81) and (38), we haveE2 ¼ dT 22
dk2

k2¼1
¼ 12að1þ bÞ
3bþ 4 ð82ÞThe shear modulus G12 can also be derived from simple shear in the ﬁber direction. Based on (61), we haveG12 ¼ dT 12
dk

k¼0
¼ a ð83ÞThe incompressibility constraint now reduces to:m12 þ m13 ¼ 1; m21 þ m23 ¼ 1 and m32 þ m31 ¼ 1 ð84Þ6. Conclusions
A composite model is developed for neo-Hookean ﬁber reinforced incompressible nonlinearly elastic solids,
in which the interaction between the ﬁber and the matrix is included. When the ﬁber stretch is small, this
model is compatible with the standard reinforcing model, though the physical meanings of the parameters
are diﬀerent. For simple deformations in which the ﬁber direction is one of the principal directions of the
deformation, the stress–strain responses are analyzed for various boundary conditions. Because the inﬁnite
energy requirement for extreme compression of the ﬁber is appropriately accounted for by the neo-Hookean
ﬁber model, the monotonicity of the stress–strain response in uniaxial deformation along the ﬁber direction is
retained in the present model, unlike in the case of the standard reinforced model, where loss of monotonicity
is observed. The stress-shear behavior is fully discussed for simple 2D shear. The loss of monotonicity in shear
is found for the composite model at certain ﬁber orientations. The loss of positivity is reported for the com-
posite model when the relative stiﬀness parameter of the eﬀective ﬁber, b, is larger than 3
ﬃﬃﬃ
3
p
=2 (2.598). These
kinds of behaviors are associated with stretch relaxation in the reinforcing direction. Under inﬁnitesimal
deformations, the composite model reduces to the conventional transversely isotropic linear elastic model.
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